Abstract. Within the framework of Hilbert space theory, we have developed a maximum-power variational principle applicable to classical spontaneous radiation from prescribed classical harmonic current sources. A simple proof is summarized for the case of three-dimensional fields propagating in vacuum, and specialization to the case of paraxial optics is discussed. The techniques have been developed to model undulator radiation from relativistic electron beams (for which an example involving high harmonic generation is reviewed), but are more broadly applicable to synchrotron or other radiation problems, and may generalize to certain structured media.
INTRODUCTION
niques or approaches enjoy many advantages: they provide unified theoretical treatments and compact mathematical descriptions of many physical phenomena; they often suggest appealing physical interpretations of the physical behaviors governed by them; and, from a practical standpoint, they offer starting points for efficient approximations or economical numerical computations. Although approximate, parameterized variational solutions may be more easily interpreted or offer more insight than the exact forms.
We have derived another principle, which we call the Maximum-Power Variational Principle (MPVP), along with some surrounding mathematical formalism. Although relatively simple in its statement and scope, somewhere between intuitively plausible and obvious depending upon one's point of view, the MPVP may be of some use in the classical theory of radiation, in particular in the analysis of light sources relying on radiation from relativistic electron beams in undulators, or more generally for the approximation of features of many forms of synchrotron or "magnetic Bremsstrahlung" emission. After some suitable further generalization, these ideas may also be of use in the cases of antenna,Čerenkov, transition, wave-guide, Smith-Purcell, photonic crystal, or other types of radiation emitted by electric currents in conductors or by charged particle beams traveling through certain media or structures.
Motivated by the well-known parallels between the Schrodinger equation in nonrelativistic quantum mechanics and the paraxial wave equation of classical physical optics, we originally developed a Hilbert space formalism for wiggler fields and derived the MPVP in the paraxial limit. Guided by these results, we then employed Green function Variational principles are ubiquitous in electromagnetism [1] [2] [3] [4] [5] [6] [7] [8] , and variational tech-and spherical wave treatments of the general three-dimensional radiation fields to generalize these results to the case of non-paraxial fields in free space [9] . Here, after discussion of our main assumptions and basic governing equations, we summarize a simplified proof for the general free-space case and discuss its specialization to the important limit of paraxial fields. We offer some physical interpretations of the MPVP, compare and contrast it with other well known variational principles in electromagnetism, and briefly summarize its application to a treatment of coherent X-ray generation via an harmonic cascade by a radiating electron beam traveling through a series of undulators.
ASSUMPTIONS AND APPLICABILITY
The Hilbert-space-based variational principle developed here is applicable to classical spontaneous emission from prescribed, localized current sources. By classical, we mean any quantum dynamical or statistical effects are ignored. In this context, by spontaneous emission from prescribed sources, we mean that the trajectories of the charged particles constituting the source for the radiation can in principle be considered prescribed functions of time, independent of the actual fields generated, and any radiation reaction or recoil, multiple scattering, gain, absorption, or other feedback of the radiation itself on the space-time trajectories of the source particles is neglected. Obviously, radiating particles must lose energy and momentum, but nevertheless neglecting back-action remains a good approximation in many situations, especially for relativistic beams where kinematic factors tend to suppress observable changes in particle velocity as compared to energy or momentum. Throughout, we also assume that the charge density ρ and current density j are not only prescribed, but remain fully localized in space, i.e., confined within some bounded region, so that the far-field can be meaningfully defined, and are at least weakly localized in time, so that Fourier transforms to the frequency domain exist.
For simplicity we have so far assumed that, apart from its generation by the prescribed sources in a bounded region, the emitted radiation otherwise propagates in vacuum. Further generalizations to allow for non-uniform dielectric or permeability tensors or perfectly conducting boundaries, representing wave-guides, lenses, windows, or other optical devices, appear to be possible, but have not yet been investigated in detail.
OVERVIEW OF MATHEMATICAL RESULTS
Working in the positive frequency domain, we ultimately seek a variational treatment for the solenoidal vector potential a ⊥ (x; ω) (or the associated fields e ⊥ = ik a ⊥ and b ⊥ = ∇ × a ⊥ ) produced by the solenoidal component j ⊥ (z; ω) of the sources. In Gaussian units, the transverse vector potential is the unique solution to the Helmholtz )a hom ⊥ , and this is sufficient to calculate the outgoing radiated Poynting flux, defined in terms of a "surface" semi-norm
In free space, causal (outgoing) solenoidal fields may in principle determined by convolution over the transverse source with the retarded Green function
, while incoming solutions e in ⊥ may be determined via the advanced Green function G adv = G * ret , and homogeneous solutions may be generated in an analogous matter by convolution of some auxiliary "source" s ⊥ with the homogeneous kernel
If s ⊥ (x; ω; α) is taken to generate the trial field f hom ⊥ via this kernel D hom , then after a bit of algebra, the variational principle emerges out of an obvious inequality: the outgoing power spectral density emitted by the difference source j ⊥ − s ⊥ must be nonnegative, i.e., P EM [e ⊥ − f out ⊥ ; ω] ≥ 0, vanishing if and only if the two sources would produce the same outgoing far-fields; and an obvious equality: the spectral density of outgoing radiated power is related by energy conservation, or Poynting's theorem, to the spectral density of mechanical power exchanged between sources and electric fields:
, where the spectral density of power delivered to the sources by the fields, P mech [e ⊥ ; j ⊥ ; ω] = Re d 3 x e * ⊥ ·j ⊥ , is defined in terms of a "volume" inner product or overlap integral. Because homogeneous solutions contain equal amounts of incoming and outgoing power in complementary angular patterns, it turns out that
The variational parameters may then be adjusted (either analytically for simple cases or numerically otherwise) to solve the following constrained optimization problem:
such that:
and: ∇ ×∇ ×f
That is, within any frequency interval, the actual fields radiate more outgoing power, and therefore extract more energy from the actual sources, than could any homogeneous trial field, if it were actually present in the vicinity of the sources. The factor of 1/2 appears above to avoid over-counting in the energetics: the radiated power in the outgoing component of the variational approximation is related to the "virtual" power exchange between the sources and the full homogeneous trial fields, rather than to the inhomogeneous outgoing components alone -it is is essentially a radiative analog of the well-known factor of 1/2 that appears in the expression for the potential self-energy of a charge distribution in electrostatics.
In the paraxial limit, where the radiated is highly directional and the focused transverse spot size σ of the beam is such that the characteristic diffraction angle satisfies Θ ∼ (kσ) −1 1, source-free trial solutions are uniquely specified by the carrier frequency and the (complex) profile in any transverse plane, which can be decomposed into a convenient, countable set of expansion modes, as in the familiar Gauss-Hermite or Gauss-Laguerre basis sets. It turns out that if the radiated power (passing through some remote transverse plane) and mechanical power spectral densities are consistently approximated within the paraxial approximation to leading order in Θ, then it can be demonstrated that the MPVP holds exactly. In fact, the MPVP is most likely to find application in the paraxial regime, because source-free solenoidal trial functions can be more readily obtained, characterized, and parameterized.
DISCUSSION
The optimized trial mode shape f ⊥ (x; ω;α) (or more accurately, the outgoing component thereof) is then the best guess of the actual radiation field profile, within the manifold of possibilities allowed by the family of trial solutions, and its outgoing Poynting flux yields a strict lower bound on the actual power spectral density of the radiation at the frequency under consideration.
The approximation enjoys the usual benefits and suffers the usual drawbacks of other maximum principles. The optimized power (spectral density) provides a true lower bound for the actual radiated power (spectral density), and the accuracy of the estimated power spectrum, as well as any other physical observable, should improve monotonically as additionally functionally-independent parameters are included in the variational fit to allow for more general radiation envelope shapes. The power estimate is relatively insensitive to errors in the trial-mode profile (second order in "shape" errors), but conversely the field values or field profile and polarization are then approximated with comparatively less accuracy than is the power.
INTERPRETATIONS
This variational principle can be variously interpreted according to one's tastes or application. As we have seen, the best variational approximation maximizes the radiated power within the parameterized possibilities, consistent with the constraint that this energy could have arisen from work extracted from the actual sources. It also minimizes a Hilbert-space distance between the actual fields and the parameterized family of solenoidal, homogeneous fields. It also maximizes, for each frequency component, the spatial overlap, or resemblance, between the actual sources and the fields extrapolated back into the region of the sources assuming source-free propagation. Thus the MPVP is a precise and quantitative version of a vaguely-formulated folk theorem dictating that currents should in some sense "look like" the fields they produce.
Equivalently, one can say the optimal radiation field profile is that which, if it were actually incident on the sources, would maximally couple to them and would experience maximal small-signal gain, and furthermore, the "virtual" gain delivered would be equal to the estimated power spontaneously radiated. In amplifier or stimulated emission situations, we naturally expect to observe in the presence of gain that mode which grows the fastest, but this principle is also applicable in the spontaneous regime, because arguments along the lines of Einstein's derivation of the A and B coefficients or its generalization to FEL physics in the form of Madey's theorem lead to definite connections between spontaneous emission, stimulated emission, and stimulated absorption [10, 11] , even when the radiation is completely classical.
In fact, the only essential difference between our case and Madey's theorem familiar from FEL physics, is that by assuming completely prescribed sources, we ignore radiation reaction, multiple scattering, or any other feedback, so once emitted from part of the source, radiation cannot induce recoil on its source or be subsequently scattered or absorbed by other parts of the source downstream. As a result, we find a relationship between the spontaneous emission spectrum and that of the "bare" stimulated emission, not the "net" response given by the difference between stimulated emission and absorption as in Madey's theorem (proportional to the derivative of the spontaneous emission spectrum in the low-gain limit).
COMPARISONS TO OTHER VARIATIONAL PRINCIPLES
Note that the MPVP is reminiscent of, but actually distinct from, various action, reaction, free-energy, and Raleigh-Ritz-Galerkin variational principles commonly encountered in electromagnetic theory, as well as specialized variational principles developed for FEL analysis [12] [13] [14] [15] [16] [17] or laser propagation [18, 19] . Fundamentally, the MPVP involves finding absolute extrema of power-related quantities of the form P = − Re d 3 x e * ·j; while in reciprocal (i.e., symmetric) media, Rumsey "reaction"-based variational principles [20] involve finding stationary points of quantities of the form R = Re d 3 x e·j; and in lossless (i.e., Hermitian) media, Lagrangian action-based variational principles [3] involve finding stationary points of quantities of the form A = Im d 3 x e * ·j, and because of the hyperbolic character of the wave equation, the stationary points there are generically saddle-points, rather than maxima or minima, so no bound on the radiated power can be obtained.
Mathematically, the MPVP is closely related to the family of extremal variational principles described by the Lax-Milgram theorem [21] , involving bilinear forms which are both bounded and coercive in some norm within a relevant Banach space, which, roughly speaking, means that all elements of the spectrum of the associated linear operator are finite but non-zero. However, for the MPVP, the relevant form, with kernel ikD hom (x; x ω), is not strictly positive definite but is only bounded and coercive in a semi-norm, again because of the existence of non-radiating sources. In order to obtain a well-defined extremal variational principle with unique solution, the trial solutions must be restricted to transverse free-space solutions to the Helmholtz equation, which are uniquely related to the far-field radiation pattern but contain no information about the actual non-radiative fields in the vicinity of the sources. 
APPLICATION TO HARMONIC CASCADE FEL RADIATION
The MPVP emerged during an analysis of coherent X-ray generation via harmonic cascade in a radiating electron beam traveling through a series of undulators [22] . Energy modulation induced by overlap of a seed laser in one undulator is converted into spatial modulation at the fundamental and harmonics (due to nonlinearities) in a specialized dispersive beam line (chicane), and the beam is induced to radiate at a chosen harmonic in a suitably-tuned second radiator-undulator. The whole process can be cascaded, in which the output radiation from one stage is used as a seed applied to a fresh part of the beam in the next stage, to produce still higher harmonics.
Typically the gain is sufficiently low in each radiator, such that prior bunching dominates over FEL self-bunching, so the MPVP may be used to estimate the profile and power of the output radiation for any stage. Instead of resorting to detailed but timeconsuming numerical simulations, the modal structure of the radiation is approximated in terms of a paraxial mode described by certain adjustable parameters such as spot size, waist location, amplitude, and carrier wavelength and phase. Some of these parameters are subsequently fixed by dynamical considerations, but some remain free within this model, so are determined at the end of the calculation by maximizing the power. The MPVP provides mathematical justification for this intuitively plausible and appealing procedure.
In efforts to improve or optimize design through iterative parameter search, the MPVP proved far simpler and orders-of-magnitude faster than the detailed computer simulation using the GENESIS code, while still providing reasonable accuracy. Also, the powermaximization over adjustable mode parameters could be incorporated quite naturally into the iterative search for other optimal design parameters, such as introduced energy modulation, undulator strength, chicane slippage factors, etc.
Typical direct comparisons between the GENESIS simulations and variational approximations are shown in figure (1) , for the cases of an electron beam of energy γm e c 2 = 3.1 GeV and normalized transverse emittance N = 2 µm in two different single-stage designs, producing either λ a = 50 nm (4th harmonic) or λ b = 1 nm (3rd harmonic) radiation.
In these studies, the trial solution was chosen as a single fundamental Gaussian paraxial mode. Because of the maximal nature of the MPVP and the high accuracy of the numerical simulations, as expected the variational estimates systematically underestimate the essentially exact numerical solutions, by an average of about 3% for the 50 nm case and about 10% for the 1 nm case. Accuracy could be further improved by including additional higher-order modes, or otherwise adding other adjustable parameters to allow for ellipticity, annularity, skew/misalignment, etc. in the radiation profile, but this simple trial mode proved adequate for current purposes.
CONCLUSIONS
Although similar to well known variational principles widely used in electromagnetic theory, the MPVP appears to be an independent result, and thus adds to the large family of variational techniques available for electromagnetic problems in general, and undulator radiation in particular. Mathematical details aside, at its most essential, the MPVP is really just a straightforward consequence of two simple and rather obvious constraints: the outgoing power in any one mode of the electromagnetic field may not exceed the total outgoing power in all the modes (i.e., Bessel inequality); and the power radiated must be attributable to power delivered by the sources, even in the regime where we ignore back-action on the sources (i.e., conservation of energy.) However simple, even trivial, these observations are not without practical content or application to undulator and possibly other radiation problems.
